
Written by: Chiehmarch/04/2006Basic Feedback controller DesignFirst let us consider this system:

With this system, our goal is to provide the smallest constant feedback K to u that wouldminimize the error x.Assumption:(C, A) is detectable, (A, B) is stabilitzble, D�D> 0 and� A� j!I BC D �has full rank for all ! < RP in the lyapunov's equation is positive de�nite.Problem.The system is described with this equationx_ =Ax+Buy= Cx+Du 1



Since we are trying to minimize x and u, let's form another equation which contains them.z= Q1/2xR1/2u != Q1/20 !x +  0R1/2 !uthis can also be written asz=Cm x+Dmuto minimize z the system we attemp to solve becomesx_ =Ax+Buz=Cm x+DmuFrom the �gure above we state thatu=KxIf we substitute u back into the the state equation 1 we getx_ = (A+BK)x equation 3z= (Cm+DmK)xFrom this we can solve for x and zx= e(A+BK)tx0 equation 4z=(Cm+DmK)e(A+BK)tx0Now we are �nally ready to minimize z by de�ning the size of z as the euclidian norm.we want to minimize this valuekzk 2= R01 x0� e(A+BK)� t (Cm+DmK) �(Cm+DmK)e(A+BK)tx0 dtif we rewrite the equation, we get this formkzk 2=x0� h R01 e(A+BK)� t (Cm+DmK) �(Cm+DmK)e(A+BK)t dt i x02



we see that the integral is the solution to a variant of lyapunov equation whereR01 eA� tMeAt dt = Pwhere P is the solution to the lyapunov equation:A�P +PA+M =0in our caseA would become (A+BK)M would become (Cm + Dm K)� (Cm + Dm K)and the lyapunov equation would become:(A+BK)*P + P(A+BK) + (Cm + Dm K)� (Cm + Dm K) = 0and z would becomekzk 2=x0� Px0Remember that our goal is to minimize the euclidian magnitude of z so we naturallywould want to �nd the optimum K inside P that would make P as small as possible. So in thenext part our goal is to study the lyapunov equation carefully to �nd the K that would make Pas small as possible.So now that we have the lyapunov equation(A+BK)*P + P(A+BK) + (Cm + Dm K)� (Cm + Dm K) = 0we can expand out all the terms and get.A�P +K�B�P +PA+PBK +Cm� Cm+K�Dm� Cm+Cm�DmK +K�Dm� DmK =0this expression can be rewritten asK�Dm� DmK+K� [Dm� Cm+B�P ] + [Cm�Dm + PB]K + Cm� Cm+A�P +PA=03



this is where complete the square comes in(DmK + (Dm�1�B�P +Cm))�(DmK +(Dm�1�B�P +Cm))�PBDm�1Dm�1�B�P�Cm�Dm�1�B�P �PBDm�1CmIf you �nd that P is not done with the proper complex conjugate, it is because P is astrictly positive matrix. So 
ipping the sign doesn't make a di�erence.As it turns out, this equation looks like a bowl in a multidimensional space and thebottom of the bowl, or the minimum is at the point where(DmK + (Dm -1BP+Cm)) = 0Meaning that the optimum K isK =� (D�D)�1(PB+C�D)�Since (DmK + (Dm -1BP+Cm)) = 0 , the lyapunov equation breaks down into Riccatiequation:A�P +PA+C�C � (PB+C�D)(D�D)�1(PB+C�D) � = 0You would �rst solve the Riccati's equation and then use the P from Riccati's equa-tion to solve for K.
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